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Abstract. We give an efficient simplicial formula for the volume and Chern- 
Simons invariant of a boundary-parabolic PSL(2, C)-representation of a tame 
3-manifold. If the representation is the geometric representation of a hyper- 
bolic 3-manifold, our formula computes the volume and Chern-Simons invari- 
ant directly from an ideal triangulation with no use of additional combinatorial 
topology. In particular, the Chern-Simons invariant is computed just as easily 
as the volume. 



Introduction 

The volume and Chern-Simons invariant are two interesting and important in- 
variants of a hyperboUc 3-manifold. We will always assume that a hyperbolic 3- 
manifold is complete, oriented and of finite volume, so that the hyperbolic structure 
is unique. Recall that the Chern-Simons invariant of a closed hyperboHc 3-manifold 
M is defined by the formula 

I r 2 
cs(M) = — / Tr(AAdA-f -AA AAA) e K/Z. 
Stt^ Js(m) 3 

Here A is the connection in the orthonormal frame bundle given by the hyperbolic 
metric, and s{M) is an orthonormal frame field, i.e. a section of the orthonormal 
frame bundle. The definition of the Chern-Simons invariant extends to hyperbolic 
manifolds with cusps using so-called "special singular frame fields" that are Hnear 
near the cusps. See Meyerhoff p.Oj for details. In the cusped case the Chern-Simons 
invariant is only defined modulo 1/2. 

The Chern-Simons invariant is intimately related to the hyperbolic volume, and 
the two invariants are often regarded as the real and imaginary part of a so-called 
complex volume given by 

Vol(M) + i CS(M) e C/iTT^Z, 

where CS(M) = 27r2 cs(M) e R/tt^Z. 

A very interesting feature of the complex volume is that it can be reaHzed as 
a characteristic class of fiat PSL(2, C)-bundles called the Cheeger-Chern-Simons 
class. This class satisfies that the characteristic cohomology class of the canonical 
fiat PSL(2, C)-bundle over a closed hyperbolic 3-manifold gives the complex volume 
when evaluated on the fundamental class. 
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The canonical fiat PSL(2, C)-bundie over a liyperboiic 3-manifoid M admits a 
unique bundle map to the universal fiat PSL(2, C)-bundle over the classifying space 
i3(PSL(2, C)), where PSL(2, C) is regarded as a discrete group. This means that it 
is enough to study the characteristic class of the universal bundle. This class lies 
in i/'^(i?(PSL(2, C)), C/tt^Z), and since C/tt^Z is divisible, we can regard it as a 
homomorphism 

£2: i73(PSL(2,C)) C/tt^Z. 

As usual, we have identified the homology of a discrete group with the homology 
of its classifying space. If M is closed, the fundamental class of M determines a 
fundamental class in i/3(PSL(2, C)), and the image of this class under the homo- 
morphism 62 is z(Vol(Af) + i CS(M)). 

Note that if M is closed, CS(Af) is naturally defined in ]R/27r^Z, whereas the 
image of 62 is in C/tt^Z. It is known that 62 does not admit a lift to C/27r^Z, so 
the 2-torsion of the Chern-Simons invariant of a closed hyperbolic manifold is not 
detected by the fundamental class. 

In [12] Neumann has obtained an explicit formula for 62, and the computation of 
the complex volume of a closed hyperboHc manifold thus amounts to determining 
its fundamental class in i/3(PSL(2, C)). This, however, is quite difficult in general. 
Neumann gets around this by constructing a group .B(C), called the extended Block 
group, which is isomorphic to i?3(PSL(2, C)), but more suitable for geometric pur- 
poses. He defines a map R : B{C) C/vr^Z using an extended version of Rogers 
dilogarithm, and shows that under the identification of K(C) with 7J3(PSL(2, C)), 
the map R corresponds to £2. He shows that every hyperbolic manifold defines an 
element in B{C) whose image under R is the complex volume (times i), and he thus 
obtains a formula for the complex volume that appHes to cusped manifolds as well. 

Neumann's formula has been implemented in Snap, a freely available computer 
program [6] for numerical computation of invariants of hyperbolic 3-manifolds. The 
formula works quite efficiently for manifolds with few simplices, but it involves some 
complicated combinatorial topology which slows down computations remarkably 
when the number of simpHces increases. For example, if the number of simplices is 
around thirty or so, it will generally take Snap more than half an hour to compute 
the complex volume. 

In this paper we present a new approach which makes use of the relative homol- 
ogy group i?3(PSL(2, C), P), where P is the subgroup of upper triangular matrices 
with 1 on the diagonal. We show in Section [3] that this group can be computed 
using a complex generated by ideal hyperbolic simpHces endowed with a decoration 
consisting of a horosphere at each ideal vertex together with an identification of the 
horosphere with C. Such a decoration naturally endows each ideal simplex with a 
fiattening, and we use this to define a map 

i/3(PSL(2,C),P) ^ B{C). 

The formula is direct, and involves no combinatorial topology. 

In section [5] we show that a tame 3-manifold M with a boundary-parabolic 
PSL(2, C)-representation p defines a fundamental class in 7J3(PSL(2, C), P), which 
is defined once we have picked a decoration of p consisting of a choice of conjugation 
of the p-image of each peripheral subgroup into P. Given a topological triangu- 
lation of M, we can construct an explicit representative of the fundamental class 
in the complex of decorated ideal simplices mentioned above. This is done using 
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a developing map, whose purpose is to endow each simplex in the triangulation 
with the shape of an ideal simplex. The developing map naturally translates the 
decoration of p into a decoration of the ideal simplices by horospheres. We stress 
that M does not have to be hyperbolic, and the boundary components of M do not 
have to be tori. 

The image of the fundamental class in S(C) turns out to be independent of the 
choice of decoration, and we can define the complex volume of a boundary-parabolic 
representation p by the formula 

z(Vol(p)+*CS(p)) =i?oM/([p]), 

where [p] is a fundamental class. The formula agrees with that of Neumann in the 
special case where p is the geometric representation of a hyperbolic 3-manifold. 
Since every step of the process is natural and expHcit, it allows us to compute 
the complex volume in an instant even for manifolds with a high number of sim- 
plices. As an example, we compute the complex volumes of all boundary-parabolic 
representations of the 62 knot complement. 

The set of boundary-parabolic representations of M is often finite, and the set 
of complex volumes of these is an invariant of M . If M is hyperbolic, this invariant 
can be viewed as a generalization of the Borel regulator of M, which consists of the 
set of volumes of the Galois conjugates of the geometric representation. 

Most of the theory works in a more general setup. We show in Section [5] that 
any G-representation mapping boundary curves to conjugates of a fixed subgroup 
H , defines a fundamental class in H^(G^ H), which is defined up to a choice of dec- 
oration. In the general setup, a decoration is a choice of element in the normaHzer 
quotient Ng{H)/H for each end. The generality of this approach suggests that the 
theory might have applications to the Chern-Simons theory of other Lie groups. 

Section [7] is a brief discussion of representations in SL(2, C). We show that a 
cusped hyperbolic manifold with a spin structure determines a fundamental class 
in iJ3(SL(2,C)) which is defined up to 2-torsion. This 2-torsion ambiguity is 
intrinsic, and has the interesting consequence that a large class of cusped hyperbolic 
manifolds, including hyperbolic knot complements, don't have ideal triangulations 
admitting strong, even valued fiattenings. This may be true for all hyperbolic 
manifolds. In Dupont-Zickert f4j and Goette-Zickert [5] we obtained formulas for 
the Cheeger-Chern-Simons class 62: i?3(SL(2,C)) C/47r^Z, which is related to 
hyperbolic manifolds with spin structures. The formulas use even valued fiattenings, 
and it is thus not clear how to apply these formulas to hyperbolic manifolds. In 
fact, the results of the present paper were derived in an attempt to improve this. 

Acknowledgements. I wish to thank Walter Neumann for numerous enlightening 
discussions about this work and for his comments on preliminary versions of this 
paper. I also wish to thank Stavros Garoufalidis, Johan Dupont, Marc Culler and 
Charlie Frohmann for their interest in my work. Finally, I wish to thank the Danish 
grant "Rejselegat for Matematikere" for financial support. 

1. The extended Bloch group 

In this section we recall the definition of the extended Bloch group and some of 
its basic properties. The general reference for this is Neumann |12j. We start by 
recalling the definition of the classical Bloch group. 
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Definition 1.1. The pre-Bloch group V{C) is an abelian group generated by sym- 
bols [z], z e C\{0, 1} subject to the relation 

(1-1) N-M + [f]-[^] + [^] = o. 

This relation is called the five term relation. 

Definition 1.2. The Block group B{<C) is the kernel of the homomorphism 

j.:P(C)^A|(e) 
defined by mapping a generator [z] to z A (1 — z). 

Let H'^ denote hyperbolic 3-space and let H'^ denote its standard compactifica- 
tion. Unless otherwise specified, we shall always use the upper half space model for 
H^, which provides us with a natural identification of diP with C U {oo}. In all of 
the following we identify the group of orientation preserving isometries of with 
PSL(2,C). The action of PSL(2,C) on extends uniquely to an action on H'^, 
with the action on dM^ — CU{oo} being given by fractional linear transformations. 

An ideal simplex is a geodesic 3-simplex whose vertices zo,zi, 22,23 all lie in 
d& = C U {00}. We consider the vertex ordering as part of the data defining an 
ideal simplex. It is well known that the orientation preserving congruence class of 
an ideal simplex is given by the cross-ratio 

(1.2) z = zo : zi : Z2 : Z3 = £ C\{0, 1|. 

(^0 - Z2)[zi - za) 

An ideal simplex is flat if and only if the cross-ratio is real, and if it is not flat, 
the orientation given by the vertex ordering agrees with the orientation inherited 
from if and only if the cross-ratio has positive imaginary part. Since an ideal 
simplex is determined up to congruence by its cross-ratio, we can regard the pre- 
Bloch group as being generated by (congruence classes of) ideal simplices. In this 
picture the flve term relation is equivalent to the relation 

4 

(1.3) ^(-l)*[zo:---:z, :---:z4]=0, 

2 = 

which implies that an element in V{C) is invariant under 2-3 moves and 1-4 moves 
of the ideal simplices. See e.g. Neumann [12] for a description of these moves. 

It easily follows from l|1.2p that an even permutation of the z.^'s replaces z by 
one of three so-called cross-ratio parameters. 

z, z' = , z" = l--. 

1 — z z 

In the following we let Log denote a particular branch of logarithm that we fix 

once and for all. In concrete examples we will always use the principal branch 

having imaginary part in the interval (— tt, tt]. 

Definition 1.3. Let A be an ideal simplex with cross-ratio z. A flattening of A is 
a triple of complex numbers of the form 

(1.4) (wo, wi, W2) = (Logz -\- pni, — Log(l - z) + qiri, 

— Log(z) -|- Log(l — z) — piri — qni'j 

with p,q G Z. We call wo,wi and W2 log-parameters. Up to multiples of ni, the 
log-parameters are logarithms of the cross-ratio parameters. 



THE COMPLEX VOLUME OF A REPRESENTATION 



5 



One can show that the set of flattened simpUces has a natural structure as a 
Riemann surface with four components corresponding to the parities of p and q. It 
is a Z X Z cover of C\{0, 1}. We will not need this here. 

Remark 1.4. Note that the log-parameters uniquely determine z. We can thus write 
a flattening as [z;p, q\. This notation, however, depends on the choice of logarithm 
branch. 

In the following we will associate cross-ratio parameters and log-parameters to 
the edges of a flattened ideal simplex as indicated in Figure [H 



1. .3 1. ^ .3 








Figure 1: Associating cross-ratio parameters and log-parameters 
to edges of a flattened ideal simplex. 



Definition 1.5. Let zo, . . . , Z4 be five distinct points in CU {00} and let denote 
the simplices [zq, . . . , Zi, . . . , 2:4]. Suppose (wg, w\,w\) are fiattenings of the sim- 
plices Ai. Every edge [ziZj] belongs to exactly three of the A^'s and therefore has 
three associated log-parameters. The fiattenings are said to satisfy the flattening 
condition if for each edge the signed sum of the three associated log-parameters is 
zero. The sign is positive if and only if i is even. 

It follows directly from the definition that the fiattening condition is equivalent 
to the following ten equations. 



[zQZi] : 




-Wo 


+ wt> 


= 


[Z0Z2] ■■ 




-wl 


+ wt 


= 


{z\z-2\ : 




- wl 


+ wt 


= 


[Z1Z3] : 




+ wl 


+ wt 


= 


[z2Zz] ■■ 






+ wt 


= 


[Z2Z4] : 




- wl 


-wl 


= 


[Z3Z4] ■■ 




-Wo 


+ wl 


= 


[Z3Z0] ■■ 




+ wl 


+ w\ 


= 


[Z4Z0] : 


-wl 


+ wl 


-wl 


= 


[z4Zi] : 




+ wl 


— W2 






Definition 1.6. The extended pre- Block group V{C) is the free abelian group on 
fiattened ideal simplices subject to the relations 

(i) '^'i^oi-^Yiwl, w\, W2) = if the fiattenings satisfy the fiattening condition. 

(ii) [z;p,q] + [z;p',q'] = [z;p,q'] + [z;p',q]. 

The first relation obviously lifts the relation (|1.3p . It is therefore called the lifted 
five term relation. The second relation is called the transfer relation and it plays a 
more subtle role. We refer to Goette-Zickert [5] and Neumann [12] for a discussion. 
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Definition 1.7. The extended Block group B{C) is the kernel of the homomorphism 

9: V{C) ^ A|(C) 

defined on generators by (wo, wi, ^2) wq A wi. 

The relationship between the extended Bloch group and the classical Bloch group 
is summarized in the diagram below, which is taken from Neumann \12\. 

Theorem 1.8. There is a commutative diagram with exact rows and columns. 



— ^0 

^K2{C) ^0 

^K2{C) yO 



Here fi* is the group of roots of unity, and the maps not already defined above, are 
defined as follows: 

X{z) = [z;0,l]- [z;0,0]; 
(3{[z]) = \og{z)ATn; 
e{x Ay) — — exp(x) A exp(j/); 
'^{[z;p,q]) = [z]- 
In [12] Neumann shows that the map 

L: V{C) C/vr^Z 

(1.6) ^L(z) + y(qLog(z)+pLog(l-z))-^V6 

is well defined. Here L{z) = — Log(^i-t) ^ 1 ^Qg^^-j Log(l — z) is Rogers dilog- 
arithm. The map L is denoted by R in Neumann |12| . 

Remark 1.9. As mentioned in Remark [1.41 the representation of a fiattening as 
[z;p,q] depends on the choice of logarithm branch, but one can check that the 
expression (|1.6p is independent of this choice. 

2. Relative homology of groups 

Recall that the homology of a discrete group G is equal to the singular homology 
of its classifying space BG, and can be calculated as H^{F^ ®g where is any 
free G-resolution of Z. 

Let H he a subgroup of G and let Cof{i) denote the cofiber (mapping cone) of 
the map BH — > BG induced by inclusion. We define the relative homology, denoted 



>^l* 



X 



> B{C) > ViC) > Al 



> B{c) > r{c) aUc*) 
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H^,{G,H), to be the reduced singular homology groups H^{Cof{i);Z). Regarding 
BH as a subspace of BG, this is isomorphic to H^:{BG, BH;Z). 

For any set X we can construct a complex C*(X) of abelian groups by letting 
Cn{X) be the free abelian group generated by (n + l)-tuples of elements of X. The 
boundary map is given by 

n 

d{xo, ...,Xn)= ^(-l)*(a;o, . . . ,Xi, . . . ,Xn). 

i=Q 

The complex C»(X) is acyclic in dimensions greater than and Ho{G^,{X)) = Z. 
If X is a group G, left multipHcation endows Cn{G) with the structure of a free 
G-module and C^,{G) becomes a free G-resolution of Z. Hence, the complex 

(2.1) B,{G)=C4G)<E>z[G]Z 

calculates the homology of G. Theorem 12.11 below gives a similar description of 
relative homology in terms of free resolutions. This is probably well known, but 
since we don't know of any reference we include a proof. 

Theorem 2.1. Let H be a subgroup of G and let K be the kernel of the augmen- 
tation map Co{G/H) Z. For any free G-resolution {-Fij^i of K we have a 
canonical isomorphism 

H,{F,®j^^G\ Z) = H,{G,H). 
That is, H,{G,H) = TorJl^l(i^,Z). 

Proof. It is enough to prove the existence of a free G-resolution of K for which 
the isomorphism holds. Let B^{H) and B^,{G) be as in (|2.ip and let denote the 
map induced by inclusion. By the standard cone construction (see e.g. Chapter 4.2 
in Spanier [15]), the reduced homology of Cof{i) is the homology of the complex 
Di = Bi-i{H) © Bi{G), with boundary map given by the matrix (£ Define 
a complex Ft of free G-modules by 

F,^D,®zZ[G], fori > 2 

Fi = Kci{Di ^ D^) m Z[G] = Bi{G) ®z Z[G] = Gi(G). 

Note that Hi{F^ ®z[g] ^) ^ Hi{D*) for all z > 1. The theorem will now follow if 
we can prove that the map F2 — > Fi has cokernel isomorphic to K. 
Define a map p: Fi ^ Cq{G/H) as the composition 

Fi = Gi(G) Co{G) Co{G/H), 

where tt is induced by projection onto cosets. It is now simple to check that p 
maps surjectively onto K with kernel equal to the image of F2. This proves the 
theorem. □ 

The complex G*(G) can be regarded as being generated by simplices with a 
G-labeling of vertices. Also, -B*(G) can be regarded as being generated by sim- 
plices with a G-labeHng of edges. See e.g. Chapter IV in Mac Lane [8] for more 
explanation. Similar to this, relative homology can be computed using complexes 
of truncated simpHces with labeHngs. This will be explored in the next section. 
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3. The complex of truncated simplices 



Let G — PSL(2, C) and let P be the image in G of the group of upper triangular 
matrices with 1 on the diagonal. Note that P is isomorphic to C. We now construct 
an explicit complex computing the relative homology groups (G, P) . 

Let A be an n-simplex with a vertex ordering given by associating an integer 
i G {0, . . . , n} to each vertex. Let A denote the corresponding truncated simplex 
obtained by chopping off disjoint regular neighborhoods of the vertices. Each vertex 
of A is naturally associated with an ordered pair ij of distinct integers. Namely, 
the ij-th vertex of A is the vertex near the i-th vertex of A and on the edge going 
to the j-th vertex of A. 

Definition 3.1. Let Cn{G,P), n > 1, be the free abelian group generated by 
G-labelings {g^^ } of vertices of truncated n-simplices satisfying 

(i) For fixed i the vertices ij are labeled by distinct elements in G mapping to 
the same left P-coset. 

(ii) The elements gij = {g^-')~^g-'^ are counter diagonal, i.e. of the form (" )• 

Left multiplication endows Cn{G,P) with a G-module structure and the usual 
boundary map induces a boundary map on G* (G, P) making it into a chain complex. 

Remark 3.2. We will prove later that C^.{G,P) i^z[g] ^ computes the relative ho- 
mology groups H^.[G,P). For this to hold, property ^ of Definition 13.11 is not 
required. Nor is distinctness in Property In fact, we can define C^,{G,H) for 
an arbitrary group G and an arbitrary subgroup H exactly as in Definition 13.11 
but without Property ^ and without distinctness in Property The equality 
H^{G,H) = H^,{C^{G,H) ®z[G] ^) will still hold. The reason for adding the extra 
properties is that we will be able to interpret a generator as an ideal simplex which 
is naturally flattened. This will be explained in the next section. 

Note that Gn(G, P) is a free G-module, and that we can represent a generator by 
a truncated simplex together with a labeling of each oriented edge, such that an edge 
going from vertex ij to vertex kl is labeled by {g^-')~^g^^ ■ We denote the labeling of 
an edge going from vertex i to j in the untruncated simplex by gij , and the labeling 
of the edges near the k-ih. vertex by a^j , see Figure [21 We call these edges the 
long edges and the short edges, respectively. By properties ^ and ([n]) of Definition 
13. 1^ the a^j's are non-trivial elements in P and the g^'s are counter diagonal. 
Furthermore, the edge labelings are forced to satisfy that the product of labelings 
along any two-face (including the triangles) is 1 . We denote the complex generated 
by such G-labelings B^{G,P). By definition we have B^{G,P) = G* (G, P) (Xiz[g] ^• 

In the following we will often regard the labelings of short edges as complex 
numbers using the canonical identification of a matrix ( J f ) € P with the complex 
number x G <C. The matrix corresponding to x will be denoted (x). 

Note that the labelings of the short edges (regarded as complex numbers) satisfy 



Lemma 3.3. Let a G Bn{G,P) be a generator. For any i,j,k,l the labelings of 
the short edges (regarded as complex numbers) satisfy 



(3.1) 



i \ i \ i r\ 



(3.2) 
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(a) A generator of €3(0, P). (b) A generator of B3{G, P). 

Figure 2: Generators in the truncated complexes. In (b), the 
product of labelings around each two-face is 1. For the front face, 
this implies that (?oiao2<7i2iaio<?2oa2i = 1. Reversing an arrow 
corresponds to replacing the appropriate label by its inverse. 

Moreover, if a*j, ^ are labelings of the short edges of a truncated n-simplex 
satisfying p.2p and l|3.ip . there is a unique way of labeling the long edges to obtain 
a generator of Bn {G, P) . 

Proof. Consider the two-face of a defined by the vertices z, j and k. For notational 
simpHcity, assume that the labelings of the edges are given by 

3i3 ^ ( a ~ ) ' 9jk^ {l ) ' 5fei = ( ° ~ ) > 

A simple calculation shows that 

which is easily seen to be 1 G PSL(2, C) if and only if 

In n\ —2 i j L — 2 j k —2 k i 

(3.3) a =rp^a^:jai^, b = pq ^ aj^a^i, c = gr = a^^afe^-. 

Since a only depends on i and j, the first statement follows. Given labelings of 
the short edges, we can use l|3.3p to define the labelings of the long edges. This is 
consistent since the af^'s satisfy l|3.2p . □ 

Remark 3.4. It follows from equation p.3p that the square root defined by our 
choice of logarithm branch gives us particular representatives of the 's in SL(2, C) 
satisfying gij = gji . In the following we shall thus always regard the gij 's as elements 
in SL(2, C). Note, however, that the product along hexagonal faces may now be 
-1 instead of 1 in SL(2,C). 

We conclude the section with a proof that B^{G,P) computes the relative ho- 
mology groups H^{G, P). 

Lemma 3.5. Let gP and HP be P-cosets, satisfying that gB ^ hB, where B = 
i(o A^O ^ PSL(2,C)}. There exist unique coset representatives gx and hy satis- 
fying that {gx)^^hy is counter diagonal. 
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Proof. Let g~^h = ^) and let x = (l^) and y = We have 

Since gB ^ hB, it follows that c is non-zero. This implies that there exist unique 
complex numbers p and q such that the above matrix is counter diagonal. The 
elements gx and hy are easily seen to be independent of the representatives g 
and h. □ 



Corollary 3.6. An {n+l)-tuple of left P-cosets that are distinct as cosets of B 
uniquely determines a generator of Cn{G, P) . 

Proposition 3.7. Let K he the kernel of the augmentation map Co{G/P) Z. 
The complex C^:{G,P) gives a free G-resolution of K . 

Proof. We have already seen that C^{G, P) is a complex of free modules. To prove 
exactness we use a standard cone argument: Given a generator a G C'„(G', P), we 
wish to define a "cone" S{a) £ Cn+i{G,P). Let hiP be the coset determined by 
vertex z of a and let gP be a coset satisfying that gB ^ hiB for all i. The cone 
will depend on this choice of coset. Let A"+^ be a truncated {n + l)-simplex. For 
?, j ^ define the labeling of vertex ij to be the labeling of vertex {i — — 1) 
of a. The remaining vertices can be labeled using Lemma [331 above. Namely, we 
label vertex Oi by gxi and vertex iO by hi-iyi, where Xi and yi are defined as in 
Lemma [3751 This finishes the definition of S{a). We can similarly define a cone on 
any chain /3 G CniG,P) as long as gB is distinct from the i?-cosets determined by 
the summands. Since G/B is infinite we can always find such a coset. It follows 
directly from the construction that 

d{sm - s{dm = p. 

This shows that every cycle is a boundary. The only thing left to prove is that the 
map 82: 6*2 (G,P) Ci{G,P) has cokernel isomorphic to K. Let tt: Ci{G,P) 
Gq{G/P) be the map induced by di. It is trivial to see that tt has image in K and 
maps the image of i92 to 0. We need to prove that each chain in the kernel of tt lies 
in the image of 82- For a generator a S Ci{G, P) we write di{a) = — a°, with 
a' generators of Co{G). Since the complex C^,{G/P) is acyclic, we can write any 
chain in the kernel of tt as a sum of chains of the form ao — ai + 02 satisfying that 
a} and a^_^_i (indices modulo 3) are in the same P-coset. Define g*-' by the formula 
(indices modulo 3) 

a 10 i+2,i+l j+l,i+2 

and let these be the labelings of a generator r € 6*2 (G,P). It is now a simple 
matter to check that 921" = ao — + q;2- This concludes the proof. □ 



Corollary 3.8. We have an isomorphism 

H4B,{G,P))=H,{G,P). 
Proof. This follows immediately from Theorem 12 .11 □ 
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3.1. Decorations and flattenings. In this section we discuss some of the un- 
derlying geometry behind the complex of truncated simplices. We shall see that 
every generator of B^{G,P) can be regarded as an ideal simplex together with a 
decoration which endows the ideal simplex with a natural flattening. This will be 
used to define a map ^ : H^{G, P) B{C). 

Recall that G acts on H'^, which we identify with upper half space. The subgroup 
P fixes oo e and acts by translations on any horosphere at oo. We endow a 
horosphere at oo with the counterclockwise orientation as viewed from oo. Using 
the action of G, this induces an orientation on all horospheres. 

Definition 3.9. A horosphere together with a choice of orientation preserving 
isometry to C is called a euclidean horosphere. We consider two euclidean horo- 
spheres based at the same point equal if the isometrics differ by a translation. We 
let G act on the set of euclidean horospheres in the obvious way. 

Remark 3.10. The action of G on the set of eucHdean horospheres is transitive 
with stabilizer P. Hence, the set of euclidean horospheres can be identified with 
the set of left P-cosets. This identification is fixed once we have picked a reference 
euclidean horosphere. A natural choice for such is the plane (horosphere at oo) at 
height 1 over the x-y plane (identified with C) with the euclidean structure induced 
by projection. For future reference we will denote this by H{oo). 

Definition 3.11. A choice of euclidean horosphere at each vertex of an ideal sim- 
plex is called a decoration of the simplex. Having fixed a decoration, we say that 
the ideal simplex is decorated. Two decorated ideal simplices are called congruent 
if they differ by an element in G. 

A horosphere based at one of the ideal vertices of an ideal simplex intersects the 
simplex in an oriented euclidean triangle, which we will refer to as an intersection 
triangle. A decoration enables us to view the intersection triangles as explicit trian- 
gles in C. The association of cross-ratio parameters to the edges of an ideal simplex 
(see Figure [J) associates cross-ratio parameters to the vertices of the intersection 
triangles as shown in Figure [31 




Figure 3: An intersection triangle of an ideal simplex. The cross- 
ratio parameter at a vertex indicates the relationship between 
the two outgoing edges. Regarding the oriented edges as com- 
plex numbers, we have ei = ze2, eo — —z'~^e2 and eo — z" e\. 
The ordering of the edges is the one induced from the vertex 
ordering of the ideal simplex. 



We wish to show that there is a one-to-one correspondence between generators of 
B-i(G,P) and congruence classes of decorated ideal simplices. Let {s'-'} be vertex 
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labelings of a generator in C-i{G, P) corresponding to an inhomogeneous generator 
a G Bs{G, P). Define ideal vertices Vi G CU{oo} by Vi = g^^oo. This is independent 
of j by property ^ of Definition 13. II The f^'s determine an ideal simplex A, which 
up to congruence only depends on a. Since the product of edge labelings of a 
along each cut-off triangle is 1, the identification of P with C gives each cut-off 
triangle the geometric shape of a eucHdean triangle determined up to translation. 
We wish to prove that the cut-off triangles correspond to intersection triangles of a 
decoration of A. A necessary condition for this to hold is that the cut-off triangles 
satisfy the same geometric properties as the geometric properties of the intersection 
triangles described above. 

Lemma 3.12. Let a G B'i{G,P) he a generator and let z denote the cross-ratio 
of the associated ideal simplex A. The labelings satisfy the following relations. In 
particular, the cut-off triangles are similar. 

Z = a?2/"l3 = "03/"02 = "3o/"31 = "2l/"20 

(3.4) z' = a?3/a§3 = a^/al^ = a^o/"23 = "31 /"oi 

z" = a!^2/ai2 = aoi/"o3 = "23/"o3 = "lo/aL 

Proof. We only need to prove the first equation. The other two are trivial con- 
sequences. Recall that the vertices of A are given by a choice of homogeneous 
representative of a in (G, P) . Using the unique representative with g^^ = 1 in 
PSL(2, C), we obtain that the ideal vertices are vq — 00, vi = gmoo, V2 — (ai2)302Oo 
and V3 — {ai^)gQ30o, and computing the cross-ratio yields 

[00,50100, (a°2)902Oo, (a'i'3)5o30o] = [00, 0, a?2, a?3] = "i2/ai3 = ^■ 

Doing the same for the representative with g^^ = 1 gives vertices fo = o^q, f 1 = a^i, 
t;2 = 00, 113 = and cross-ratio a^Q/a^i. This proves the first and third equality. 
The second and fourth equality follow directly from l|3.2p . □ 

Theorem 3.13. Generators of B^{G,P) are in one-one correspondence with con- 
gruence classes of decorated ideal simplices. 

Proof. We have already seen that the decoration of a decorated ideal simplex en- 
dows each intersection triangle with the shape of a triangle in C which is determined 
up to translation. Using the identification of complex numbers with elements in P, 
this determines labelings of the small edges in a truncated simplex. Note that these 
labelings only depend on the congruence class of the decorated simplex. Using the 
geometry of the intersection triangles described in Figure [3l we see that the label- 
ings satisfy (j3.4p . Since (j3.4p obviously implies (|3.2p it follows from Lemma [3731 that 
the labeHngs define a unique generator of B^{G, P). Now let a G B^{G, P) be a gen- 
erator and let A be the associated ideal simplex. Since the cut-off triangles satisfy 
p.4p , there is a unique way of picking euclidean horospheres at the ideal vertices 
of A such that the intersection triangles coincide with the cut-off triangles. □ 

Remark 3.14. Theorem l3.13l also follows from Remark ISTTOl and Corollarv[ 3.6l Note 
that if we identify the euclidean horosphere at a vertex of a decorated ideal simplex 
with a coset gP, then g~^ takes the intersection triangle to a triangle in H{oo) 
whose projection onto C equals (up to translation) the explicit triangle given by 
the decoration. 
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As we shall see below, a decorated ideal simplex is naturally equipped with a 
flattening. For a matrix g = ^) we let c{g) denote the entry c. 

Lemma 3.15. Let a be a generator of 13^(0, P) , and let z denote the cross-ratio 
of a regarded as an ideal simplex. Note that for each of the long edges, c(gij) is 
well defined by Remark \3.4\ and is non-zero. We have 

.ggx c(go3)c(gi2) ^ c(gi3)c(ffo2) ^ _^ 1 c(ffoi)c(g23) ^ ^\ 

c(go2)c(gi3) ' c(goi)c(523) 1-^' c(.go3)c(gi2) z' 

Proof From p.3p . we have that c{gijY = {(^kj^ik)^^ = i'^ij'^ii)^^ using p.4p 
one easily checks that 



c(503)^c(gi2)2 



z 



2 



c(502)^c(gi3)2 

from which the first equality follows. The other equalities are proved similarly. □ 

Remark 3.16. One can prove that the signs in l|3.5p are (+,+,—) if and only if 
the product of labelings around hexagonal faces is constant. By Remark 13.41 this 
constant is either 1, in which case a is in i33(SL(2, C), P), or —1, in which case 
—a is in i33(SL(2, C), P). Here —a denotes the labeled truncated simplex obtained 
from a by changing the signs of all the labelings of long edges. We will need this 
in Section [7] where we discuss SL(2, C)-representations and their relations to even 
fiattenings. 

It now follows from Lemma 15. ISI that we can define a fiattening of A by defining 
log-parameters 

wa{a) = Logcigas) + Logc(gi2) - Logc(go2) - Logc(gi3), 

(3.6) wi{a) =Logc(.go2)+Logc(gi3)-Logc(c/oi)-Logc(g23), 
W2{a) = Logc(goi) + Logc(g23) - Logc(go3) - Log 0(312). 

Note that since c{gij) = c{gji), the log-parameters above are a sum of logarithms 
of complex numbers associated to the unoriented edges of A. We will refer to them 
as Log(c)-parameters. 
Consider the map 

(3.7) 4-: P3(G,P)^P(C), a^{wo{a),wi{a),W2{a)). 

Theorem 3.17. The map 5* defined above sends boundaries to and cycles to 
B{C), and we therefore obtain an induced map 

(3.8) H-iiCP) ^ B{C). 

Proof. This follows as in Section 3.1 in Dupont-Zickert [4J. Let a £ Bi{G,P) be 
a generator, and let ai denote the five generators of B'i{G, P) obtained from a by 
deleting the i-th vertex. We have 

da = ^(-l)'a,. 

Let (wq,w\,w\) be the fiattening of the simplex corresponding to ai as defined by 
(|3.6p . We have that 4" (9a) = if and only if the fiattenings (wg, w^, ifj) satisfy the 
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flattening condition, which is equivalent to satisfying the ten equations (|1.5p . We 
verify the first of these and leave the others to the reader. We have 

^^0 =Logc(5o4) + Logc(gi3) - Logc(go3) - Log 0(^14) 
=Logc(5o4) + Log 0(312) - Log 0(302) - Log 0(314) 
=Logc(go3) + Log 0(312) - Log 0(302) - Log 0(313), 

from which it follows that the equation Wq — Wq + Wq = is satisfied. Having 
verified all the ten equations of (|1.5p . we have proved that ^E* sends boundaries to 
zero. To prove that 4" sends cycles to 13{C) define a map /x: B2{G,P) ^ CAzC by 

(3.9) a i-^ Log 0(301) A Log 0(302) 

- Log 0(301 ) A Log 0(312 ) + Log 0(302 ) A Log 0(312 ) . 

Letting Z[C] be the free abelian group on the set of fiattenings, a straightforward 
calculation shows that the diagram below is commutative. 

(3.10) a V 

S2(G,P) ^^CAzC 

This means that cycles are mapped to S(C) as desired. □ 

Remark 3.18. The reader may argue that ^E" depends on the choice of logarithm 
used to define the fiattenings. This is not the case, see Remark [6. Ill 

The composition Lo ^P: H3{G,P) C/tt^Z, where L is given by l|1.6p . can be 
viewed as a relative Cheeger-Chern-Simons class. The fact that it agrees with 62 
on H'i{G) will be proved in Section El 

4. Boundary-parabolic representations 

In this section we define the notion of a boundary-parabolic representation of a 
tame manifold and construct a developing map of such. In the following we assume 
that all manifolds are smooth and oriented. 

Definition 4.1. A tame manifold is a manifold M diffeomorphic to the interior 
of a compact manifold M . The boundary components of M are called the ends of 
M. We allow the number of ends to be zero so that a closed manifold is a tame 
manifold with no ends. 

To avoid confusing readers familiar with existing terminology, we stress that an 
end is a boundary component of M and not a closed regular neighborhood of a 
boundary component as many other authors define it. 

Let M be a tame manifold. By the collar neighborhood theorem, we can regard 
M as a retract of M, and we therefore have a canonical identification of 7ri(M) 
with 7ri(M). Each of the ends of M defines a subgroup of 7ri(M), which is well 
defined up to conjugation. We call these the peripheral subgroups of M . We neither 
require that the ends are incompressible nor that the genus is greater than zero, so 
the peripheral subgroups may be trivial. 
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Definition 4.2. An element of G is called parabolic if it fixes exactly one point in 
dH^. A subgroup of G is called parabolic if all its element are parabolic fixing a 
common point in dH^ . 

It is easy to see that any parabolic subgroup is conjugate to a subgroup of P. 

Definition 4.3. A representation p : 7ri(M) — > PSL(2, C) is called boundary-parabolic 
if p maps each peripheral subgroup to a parabolic subgroup. An end is called trivial 
with respect to p if its corresponding paraboHc subgroup is trivial. If p is clear from 
the context we will just call the end trivial. 

Example 4.4. The geometric representation of a hyperbolic 3-manifold is boundary- 
paraboHc. It is defined up to conjugation. All the ends are non-trivial tori. 

Example 4.5. Recall that any hyperbolic manifold M is isometric to H'^/F, where 
r is a discrete subgroup of PSL(2, C). The trace field Q(tr F) of M is the subfield of 
C generated over Q by the traces of the elements of F. The trace field is a number 
field, and if M is non-compact, the geometric representation of M is conjugate to a 
representation into PSL(2, Q(trF)). If n is the degree of Q(trr), there are exactly 
n embeddings of Q(trF) in C. Composing the geometric representation with the 
map PSL(2, Q(trF)) PSL(2,C) induced by one of these embeddings gives a 
representation which is called a Galois conjugate of p. All Galois conjugates of the 
geometric representation are boundary-parabolic. We refer to Reid-Maclachlan [9] 
for more details on trace fields. 

Remark 4.6. Suppose M has a single end which is a torus. In this case, the set 
of conjugation classes of (irreducible) boundary-parabolic representations is often 
finite. For example, if all components of the PSL(2, C)-character variety are one 
dimensional, the characters of boundary-parabolic representations are given by the 
finite set /~^(4), where m denotes a meridian, and /a, for A G 7ri(M), is the regular 
function taking p to (trp(A))^. In Cooper et al. [3j, the authors prove that all 
components of the SL(2, C)-character variety are one dimensional if M contains 
no closed incompressible surface. The dimension of the PSL(2, C)-character va- 
riety is in general bigger than the SL(2, C) analog, but if M is irreducible and if 
ifi(M;Z/2Z) = Z/2Z (e.g. if M is a knot complement), the dimensions are the 
same, see Boyer-Zhang [l]. 

Remark 4.7. If M is a hyperbolic twist knot, it follows from Hoste-Shanahan [7] 
that every boundary-parabolic representation, which is not conjugate to a repre- 
sentation in P, is a Galois conjugate of the geometric representation. 

4.1. The developing map of a representation. Let M be a tame manifold 
and let M be the compactification of M obtained by collapsing each boundary 
component of M to a point. We shall refer to points in M corresponding to the 

ends as ideal points of M. Similarly, we let M denote the compactification of the 
universal cover of M obtained by adding ideal points corresponding to the lifts of 

the ends of M . The covering map extends to a map from M to M . In the following 
we assume that a base point in M and one of its lifts has been fixed once and 
for all. With the base points fixed we have an action of 7ri(M) on M by covering 

transformations, which extends to an action on M. This action is no longer free. 
The stabilizer of a lift e of an ideal point e corresponding to an end E is isomorphic 
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to an end subgroup Tri{E). Changing the hft e corresponds to changing the end 
subgroup by a conjugation. 

Definition 4.8. A triangulation of a tame manifold M is an identification of M 
with a complex obtained by gluing together simplices with simpHcial attaching 
maps. We do not require that the triangulation is simplicial but we do require that 
open simplices embed. 

A triangulation of M always exists. It lifts uniquely to a triangulation of M, 
and it induces a triangulation of each end of AI as the link of the corresponding 
ideal point. 

Lemma 4.9. Let A be an n-simplex in M" with an ordering of the vertices. Given 
any ideal n-simplex A' e H" with a vertex ordering, there exists a unique homeo- 
morphism from A to A' that restricts to an order preserving map of vertices, and 
takes euclidean straight lines to hyperbolic straight lines. 

Proof. The existence of such a homeomorphism is obvious if we work in the Klein 
model of hyperbolic space, where the hyperbolic straight lines and the euclidean 
straight lines coincide. The uniqueness follows from the fact that any local home- 
omorphism between open subsets of M" preserving straight lines is affine. □ 

We call a homeomorphism as in Lemma l4!9l an ideal homeomorphism. 

Definition 4.10. Let M be a triangulated tame 3-manifold and let p be a boundary- 
parabolic representation. A developing map of p is a p-equivariant map 

(4.1) Dp-.M-^m^ 

sending all zero-cells to dM^ and satisfying that the composition of Dp with the 
characteristic map of a cell is an ideal homeomorphism onto a non-degenerate ideal 
simplex. Two developing maps are called equivalent if they agree on the ideal points 
corresponding to lifts of non-trivial ends. 

Note that if D is a developing map of p, then gD is a developing map of gpg~^. 

Theorem 4.11. // the triangulation of M is sufficiently fine, a developing map 
always exists, and it is unique up to equivalence. A single barycentric subdivision is 
enough to ensure that any boundary-parabolic representation (including the trivial 
representation) admits a developing map. 

Proof. Our construction follows that of Section 8 of Neumann- Yang [TS]. A de- 
veloping map is uniquely determined by its value on the zero-cells, of which there 
are three different types to consider: ideal points corresponding to non-trivial ends, 
ideal points corresponding to trivial ends, and interior zero-cells. 

Let e denote an ideal point of M corresponding to a non-trivial end and let 
Bi denote the lifts of e. As described above, each of the e^'s defines a peripheral 
subgroup. The p-image of the peripheral subgroup of it is a parabolic subgroup Pi 
with a unique fixed point Vi € diP. Define 

(4.2) Dp{i,) = V,. 

Note that Dp{aei) — p{a)vi for every i and every a £ 7ri(M). We define Dp on the 
rest of the zero-skeleton by letting lifts of trivial ends and interior zero-cells map 
equivariantly to arbitrary points in d'E? requiring that zero-cells in the closure of a 
3-cell map to distinct points. Since we don't allow degenerate simpHces, we might 
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need to subdivide the triangulation to get a well defined developing map. This is 
the case e.g. if two peripheral subgroups map to the same parabolic subgroup. It is 
clear that a single barycentric subdivision is enough to ensure non-degeneracy. The 
uniqueness statement follows from the fact that p-equivariance forces the image of 
lifts of non-trivial ideal points to be as in (|4.2p . □ 

Remark 4.12. Given a triangulation, the fundamental group is generated by face 
pairings, and a boundary-parabolic representation is given by an association of an 
element in PSL(2,C) to each such face pairing satisfying the relevant relations. 
Given this data, the process of developing a boundary-paraboHc representation is 
completely algorithmic and works very fast even for a high number of simplices. 

Since a developing map of p is p-equivariant, it endows each simplex in the 
triangulation of M with the shape of an ideal simplex, and it thus allows us to 
think of M as a space obtained by gluing together ideal simpHces. If M is a 
hyperbolic 3-manifold and p is the geometric representation, a developing map 
provides a degree one ideal triangulation of M in the sense of Neumann- Yang [13) . 

In the next section we will define a fundamental class of p. To obtain this we 
will need that each of the ideal simplices are decorated, that is, we need to choose 
euclidean horospheres at each of the ideal vertices. 

Definition 4.13. Let p be a boundary-parabolic representation of a tame, trian- 
gulated 3-manifold M, and let D denote a developing map of p. Let x € M be a 

zero-cell. For each lift S e M of a; let H{D[x)) be a euclidean horosphere based 
at D(x). The collection {i?(-D(i))}5g^-i(2.) of euclidean horospheres is called a 
decoration of x if the following equivariance condition is satisfied: 

(4.3) H{D{ax)) ^ p{a)H{D{S;)), for a e ni{M), £ € t:~\x) 

Definition 4.14. Let M and p be as above. A developing map of p together with 
a choice of decoration of each zero-cell of M is called a decoration of p. If we have 
picked a decoration we say that p is decorated. We consider two decorations to be 
equivalent if they agree on non-trivial ideal points. 

Note that a decorated representation endows each simplex of M with the struc- 
ture of a decorated ideal simplex determined up to congruence. 

5. The fundamental class of a representation 

In this section we show that the notion of decoration from Definition l4.14l extends 
to the more general setup of (G, -ff)-representations. We show that a decorated 
(G, i7)-representation determines a fundamental class in i?*(G, H), and we describe 
a particularly simple way of constructing this class in the special case of boundary- 
paraboHc representations. The general theory seems interesting in itself, and we 
develop it in detail. All manifolds are assumed to be smooth and oriented, but not 
necessarily of dimension 3. 

Definition 5.1. Let M be a tame manifold and let H he a subgroup of G, where 
G is any (discrete) group. A representation p: tti{M) — > G is called a {G,H)- 
representation if p sends peripheral subgroups to conjugates of subgroups of H. 
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5.1. Definition of the fundamental class. We start with the case where M is 
closed and H is the trivial subgroup. In this case a (G, iJ)-representation is just a 
representation. Recall that conjugation classes of representations of 7ri(M) are in 
one-one correspondence with homotopy classes of classifying maps M BG. 

Definition 5.2. Let p: ■ki{M) — > G be a representation and let / denote its clas- 
sifying map. The fundamental class of p is the class /*[A/], where [M] is the 
fundamental class of M . 

Suppose that M is triangulated. As mentioned in SectionOa generator of i?*(G) 
can be regarded as a simplex with a G-labeling of edges. We can therefore produce 
cycles in i3*(G) by labeling the edges of M in an appropriate fashion. The definition 
below is taken from Neumann |12j . 

Definition 5.3. Let M be a triangulated manifold. Let Sq{M) be the set of 
oriented g-cells of M. A G-cocycle on M is a map a: Si{M) ~+ G satisfying the 
properties: 

(i) a{vo,V2) = cr{vQ,vi)a{vi,V2) for {vo,vi,V2) ^ S2{M). 

(ii) a{vi,VQ) = a{va,vi)^'^. 

If r: So{M) ^ G is a 0-cochain, then its cohoundary action on G-cocycles is to 
replace a by 

(5.1) {vo,vi) h-^ r(uo)"V(wo, vi)t(wi). 

A G-cocycle a gives rise to a representation p: ■ki{M) G which is well defined 
once we have chosen a zero-cell as a base point. We say that a represents p. Given 
a representation we can always find a cocycle representing it, e.g. by defining the 
cocycle to be the identity on edges of a maximal tree. A representing cocycle is 
unique up to the action by coboundaries. From this the proposition below easily 
fohows. It does not require that M be closed. 

Proposition 5.4. There is a one-one correspondence between G-cocycles up to the 
action by coboundaries, and homotopy classes of classifying maps M BG. 

To obtain a cycle in B^(G) from a G-cocycle, we need that each simplex in the 
triangulation of M has a vertex ordering which is respected by the face identifica- 
tions. 

Definition 5.5. An ordering of a triangulated tame manifold M is an ordering of 
the vertices of each simplex satisfying that the orientation of edges induced by the 
ordering agrees under the identification of faces. Having fixed an ordering we say 
that M is ordered. 

Remark 5.6. Not every triangulation has an ordering, but after performing a single 
barycentric subdivision, we have a natural ordering by codimension. Namely, the 
i-th vertex of a simplex is the unique vertex lying in a face of codimension i in the 
original simplex. 

Proposition 5.7. Let M be a closed, ordered, triangulated n-manifold with a rep- 
resentation p: 7ri(Af) G. Let a be a G-cocycle representing p and let be the 
simplices of M endowed with the G-labeling of oriented edges induced by a. Let Ci 
be a sign indicating whether or not the orientation of Ai induced by the ordering 
agrees with the orientation it inherits from M . The cycle 



(5.2) 
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represents the fundamental class. 

Proof. The proof is an application of the Milnor construction of BG, which we 
recall below. Let A" = {{to, . . . ,tn) € M"+^ \ J2i^i — 1} be the standard simplex 
and let di denote the map A"~^ — > A" inserting a zero on the i-th coordinate. We 
have 

Coo 
IJ A" X G" 

where the relation is generated by {dit, x) ~ {t, dix), with 

{{g2,...,gn) for I = 

(gi, ■ ■ -^gigi+i, ■■■,gn) for o < i < n . 
(ffi, • • ■ ,ffn-i) fori = n 

Note that the set G" parametrizes the set of G-cocycles on A". Namely, a tuple 
{gi,...,gn) corresponds to the unique cocycle sending the edge [ei-i,ei] to gi, 
where Ci is the i-th standard basis vector. This means that an ordered simplex 
with a G-cocycle is naturally equipped with a map to BG. The cocycle a induces 
a G-cocycle of each simplex of M, and since M is ordered, the maps to BG respect 
the face pairings, and thus induce a map from M to BG. By construction, the 
induced map on tti is p, so it is a classifying map. Using the canonical isomorphism 
between the cellular complex of BG with the complex B^{G), it follows that the 
fundamental class has the given representation. □ 

We now return to the general case of a (G, )-representation of a tame manifold. 
Recall that a triangulation of M induces a triangulation of dM . It also induces a cell 
decomposition of A/ using hybrids of truncated simplices and normal simplices. A 
simplex of M with vertices consisting entirely of ideal points gives rise to a truncated 
simplex, and a simplex of M consisting entirely of interior points gives rise to a 
normal simplex. The notion of a G-cocycle extends to such cell decompositions in 
the obvious way. 

Definition 5.8. A (G, )-cocycle is a G-cocycle on M sending edges of dM to 
H. A 0-cochain sending vertices of dM to H acts on a (G, 7J)-cocycle as in l|5.ip . 

Proposition 5.9. There is a one-one correspondence between {G, H) -co cycles up 
to the action by coboundaries , and homotopy commuting diagrams 

dM > BH 

(5.4) 

M > BG. 

Proof. Using the Milnor construction of BG we see that a (G, i?)-cocycle induces 
a diagram as above. Now suppose we have a diagram as above. Let / denote the 
map from M to BG, and let cr be a G-cocycle representing /. Since the restriction 
of / to dM is homotopy equivalent to a map into BH, Proposition 15 .41 implies that 
the restriction of a to dM can be modified by coboundaries to send edges of dM to 
H. The (G, 7J)-cocycle thus produced is unique up to the action by coboundaries, 
and the induced map is homotopy equivalent to /. □ 
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We can now define the fundamental class of a (G, if)-cocycle as the image of 
the fundamental class [M,dM] under the corresponding map (|5.4p . 

Let M' be the manifold obtained from M by removing small disjoint open balls 
around each interior zero-cell. Note that the triangulation of M induces a cell 
decomposition of M' consisting entirely of truncated simplices. If M has dimen- 
sion n> 3, it follows from Proposition 15.91 that there is a one-one correspondence 
between cocycles on M and cocycles on M' (modulo coboundaries), and that cor- 
responding cocycles induces the same fundamental class. We have the following 
generalization of Proposition 15.71 

Proposition 5.10. Let M he an ordered, triangulated manifold of dimension n > 3, 
and let t be a {G, H)-cocycle on M' . The fundamental class is represented in 
Bn{G,H) by the cycle 

where Ai are the truncated simplices in the triangulation of M' with edge labelings 
given by t, and is a sign indicating whether or not the orientation of Aj given 
by the ordering agrees with the orientation induced from M' . 

Proof. The proof is similar to the proof of Proposition 15.71 We give a sketch and 
leave the details to the reader. Let T" be a set parametrizing the set of (G, H)- 
cocycles of a truncated n-simplex. Consider the space 

B(G, i/) = ^ [J A" X T"^ / ~ 

where the relation is the truncated analog of the relation in (|5.3p . The map from 
G" to T" obtained by labeling all short edges by 1 induces a map from BG to 
B{G,H), whose restriction to BH can be seen to be null homotopic. By the 
universal property of the homotopy cofiber, B{G,H) is a model for the cofiber of 
BH BG. The homology of B{G, H) is equal to the homology of B^,{G, H), and 
the fundamental class is easily seen to have a representation as in the proposition. 

□ 

5.2. The (G, H) cocycle. We will now describe how to associate a (G, i?)-cocycle 
to a (G, iJ)-representation p. By Proposition 15.91 this defines a fundamental class. 
The cocycle, and therefore also the fundamental class, will depend on a choice of 
decoration which we define below. 

Let Ci denote the ideal points corresponding to the non-trivial ends Ei of M, 

and choose lifts et G M of e^. As in Section |4!T] this defines peripheral subgroups 
Tri{Ei). Let Hi denote the image of ni^Ei). Note that replacing by aci replaces 
Hi by its conjugate p{a)Hip{a)~^ . Pick a G-cocycle of M that represents p and 
sends edges of Ei to Hi. To see that such a cocycle exists, we can construct it as 
follows: pick an iJj-cocycle ai on Ei representing the restriction of p to ■Ki{Ei). 
Define a cocycle on M, by letting its restriction to Ei be ai and letting it be 1 on 
edges of a maximal tree in M\ Ui Ei containing edge paths from the base point in 
M to Ei. This uniquely specifies the value on all edges of M. Up to the action by 
coboundaries sending vertices of Ei to Hi, this cocycle is unique once the choices 
of lifts Ci have been fixed. Pick elements gi satisfying g^^Higi C H. We call these 
conjugation elements. Modifying the above G-cocycle by the coboundary of the 
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0-cochain 




1 otherwise 



gives us a (G, iJ)-cocycle, which up to the action by coboundaries, only depends 
on the choices of conjugation elements. We will refer to it as the (G, i?)-cocycle 
associated to p. Note that multiplying a conjugation element from the right by an 
element in H, changes the (G, 7J)-cocycle by a coboundary. In the following we 
will thus regard the conjugation elements as left i?-cosets. 

The conjugation elements, and therefore also the associated (G, )-cocycle, de- 
pend on the choices of lifts. To indicate this dependence we will now denote them 
gi{ei). To make the associated (G, )-cocycle independent of the choices of lifts, 
the conjugation elements have to be chosen in an equivariant fashion. 

Definition 5.11. Let p be a (G, iJ)-representation. A set of conjugation elements 
gi{aei), a G 7ri(Af), satisfying the equivariance condition 

(5.5) gi{aei) = p{a)gi{ei), a € 7ri(Af). 

is called a decoration of p. 

Remark 5.12. Note that decorations are parametrized by the group [Nc{H)/H^", 
where n is the number of non-trivial ends and Ng (H) is the normalizer of H in G. 

Given a decoration, the associated (G, iJ)-cocycle is well defined, and unique up 
to the action by coboundaries. We have thus proved: 

Theorem 5.13. A decoration of a {G, H) -representation determines a fundamen- 
tal class in H^:{G,H). 

5.3. An explicit construction of the fundamental class. We now specialize 
to the case of boundary-parabolic representations of tame 3-manifolds, i.e. the case 
with G — PSL(2, C), and H = P. In this case there is a particularly simple way of 
constructing the (G, P)-cocycle. 

Lemma 5.14. For a boundary-parabolic representation of a tame 3-manifold, there 
is a natural one- one correspondence between decorations by euclidean horospheres 
and decorations by conjugation elements. 

Proof. By Remark lS.lOl a euclidean horosphere H{v) at u g dM^ corresponds to a 
left coset gP, where g takes H{oo) to H{v). Hence, we only need to check that the 
two notions of equivariance as defined in Definition [HTS] and Definition 15.111 agree. 
We leave this to the reader. □ 

Let p be a decorated boundary-parabolic representation of a tame 3-manifold 
M. We will assume that M is ordered. This is no restriction since we can always 
obtain an ordering by performing a barycentric subdivision. Recall that p endows 
each of the 3-cells of M with the shape of a decorated ideal simplex. We can thus 
think of AI as a collection {A^} of decorated ideal tetrahedra together with a set of 
face pairings. By Theorem 13 . 1 31 each corresponds to a generator A^ of B^{G, P), 
which is a truncated simplex together with a labeling of its oriented edges. The 
face pairings of A^ induce face pairings of the corresponding truncated simplices A^. 
Note that the complex obtained by gluing these together is homeomorphic to M' , 
the manifold obtained from M by removing disjoint open balls around each interior 
zero-cell. Since both the decorations and the orderings respect the face pairings, we 
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see that the face pairings of the truncated simplices respect the labeUngs of short 
edges. Since the labelings of long edges are determined uniquely by the labelings of 
the short edges, the face pairings respect the labelings of long edges as well. This 
means that the labelings form a (G, P)-cocycle a of M' . 

Theorem 5.15. The cocycle a is the (G, P)-cocycle associated to p. 

Proof. Up to multiplication by elements of G, a developing map can be uniquely 
reconstructed from the ideal simplex shapes and the gluing pattern. Since a rep- 
resentation is determined by the equivalence class of its developing map, it follows 
from Theorem 13.131 that a represents p. The fact that a is the (G, P)-cocycle as- 
sociated to the correct decoration of p is an easy consequence of the observation in 
Remark [331 □ 

Corollary 5.16. The cycle 

(5.6) ^e,A, e S3(G,P) 

represents the fundamental class. As always, Ci is a sign which is positive if and 
only if the orientation given by the ordering agrees with the induced orientation. 

Remark 5.17. If M is not ordered the above construction still works, but we need the 
ordering to represent the fundamental class in the truncated complex. Performing 
a barycentric subdivision produces new non-ideal zero cells, and a decoration can 
be obtained by equivariantly "shooting off" these new zero cells to random points 
in dM^ and picking random decorations at these points satisfying the equivariance 
condition (|4.3p . As before, this produces a (G, P)-cocycle a. The "shooting off" 
process changes the geometry, but the fundamental class, which only depends on 
the decoration at ideal points, is still given by a. 

Example 5.18. We illustrate the above by constructing the fundamental class 
of the geometric representation of the 52 knot complement. This manifold has an 
ordered triangulation as shown in FigureSl For each of the simplices the orientation 
determined by the ordering agrees with its inherited orientation, i.e., the signs Ci 
are all positive. As described e.g. in Neumann-Zagier [l^, the ideal simplex shapes 




Figure 4: Gluing pattern for the 62 knot complement. 



obtained by developing the geometric representation can be found by solving a set 
of polynomial equations called the gluing equations. In this case there are five gluing 
equations, one for each of the edges and two for the cusp. The gluing equation for 
an edge states that the product of the cross-ratio parameters associated to it is 1. 
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Letting u, v and w denote the cross-ratios, we can read off the gluing equations for 
the edges from Figure HI We obtain: 

u'u"vv'w''^w" — 1, uu"v'v"w'^ = 1, uu'vv"w" = 1. 

Figure [H below shows a developing of the cusp. Since the cusp is a torus, the 




Figure 5: Developing image of the cusp. 



peripheral subgroup has two generators, and the requirement that these both map 
to parabolics yields two equations, which can be read off from Figure [H 
— 1 / 1 III II I I I II I 1 

W U —\, W U UV WW U W WV UU V — I. 

The ideal triangulation is given by the unique solution of the above five equations 
satisfying that u, v and w all have positive imaginary part. After a little algebraic 
manipulation we obtain that the solutions are given hy u — x'^ , v — x'^ ~ x + 1 
and w = v = x^ — x + 1, where a; is a root of a;^ — + 1. The geometric solution 
corresponds to the root with positive imaginary part. The two other solutions 
correspond to Galois conjugates. 

A decoration allows us to view the configuration in Figure [5] as a configuration 
in C, and we can thus assign a complex number to each oriented edge as defined 
by the vector going from the start point to the end point. In this example we 
choose the decoration such that the lower left edge has vertices at and 1. Using 
Figure [3] we see that the labeHngs of all edges are given by products of cross-ratio 
parameters, e.g. the shortest edge (oriented downwards) is labeled by w{v")^^ — 
u~^v. Each of the triangles in Figure[5] corresponds to a cut-off triangle as indicated 
by the numbers. This gives us labelings of the short edges in Figure |4] which 
obviously satisfy l|3.2p . and by Lemma 13.31 the labelings of the long edges are 
uniquely determined by p.3p . We obtain that the edges marked with the small 
arrow, the bigger arrow and the biggest arrow, respectively, are labeled by the 
matrices 

(n -a-M ( -b-^\ (a 

\a \b y' Vc /' 

with a, b and c satisfying 

(5.7) = (w")-i = 5^ = 1, ^{ww'-^y^ ^x^ ~x-l. 

This finishes the construction of the (G, P)-cocycle associated to the geometric 
representation, and the fundamental class is now given by l|5.6p . 

Note that all we need to produce the fundamental class is the gluing pattern of 
the triangulation together with the developing image of each of the ends. 

Remark 5.19. To see the dependence of the decoration explicitly, consider the nat- 
ural map i/3(PSL(2, C), P) H2{P)- An explicit formula for this map is given by 
the map taking a truncated simplex to the sum of the four triangles determined by 
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the small edges. Changing the decoration corresponds to changing the labelings of 
short edges by an element in C*, and it thus follows that different decorations yield 
fundamental classes having different images in H2{P). In the general case, the fun- 
damental class depends on the decoration whenever Ng{H)/H acts non-trivially 
on the homology of H . 

5.4. Other pairs. We briefly discuss how the construction of the fundamental class 
works for other pairs of groups. 

5.4.1. Boundary-loxodromic representations. Suppose M is a tame 3-manifold where 
all the ends of M are tori. A G-representation of 7ri(M) taking peripheral sub- 
groups to subgroups fixing a unique geodesic, is a (G, r)-representation, where T is 
the subgroup of diagonal elements. Since Nq{T)/T = l^jTL^ there are 2" different 
decorations, where n is the number of ends. By Theorem 15.131 each of these gives 
rise to a fundamental class in H3{G,T). One can prove that H^IG.T) = V{C), so 
the fundamental classes of boundary-loxodromic representations contain no more 
information than the cross-ratios. 

5.4.2. Higher dimensions. Consider the pair (SL(n,C),P), where P is the sub- 
group of SL(n, C) consisting of upper triangular matrices with 1 on the diagonal. 
Let M'^ be a tame fc-manifold. A: > 3. By Theorem l5.13| a decorated (SL(n, C), P)- 
representation of 7ri(M) gives rise to a fundamental class in iJ/c(SL(n, C), P). We 
wish to find an explicit representative. The complex P*(PSL(2, C), P) from Sec- 
tion [3] generalizes in an obvious way to a complex P*(SL(n, C), P), based on la- 
behngs of truncated simpHces, where long edges are labeled with counter diagonal 
elements and short edges by elements in P. The expHcit construction is via a 
generalization of Lemma [3751 We state it for n = 3. The general case is similar. 

For g e SL(3, C), let Mij{g) be the minor obtained from g by removing the zth 
row and the jth column. As usual, we let gij denote the ijt\\ entry of g. 

Lemma 5.20. Let gP, hP be such that 

ig'^h)3i ^ and det(Afi3(5-i/i)) ^ 0. 

Note that this is independent of the representatives. There are unique coset-represen- 
tatives gu and hv such that {gu)~^hv is counter diagonal. Explicitly, if 

g-^h ^ [d e /|,u=IO 1 z|,t)=IO 1 t \ , S = 



\9 h 

then {gu)~^hv = S if and only if 
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(5.8) 



—h a d 

r = , y=-, 

9 9 9 

ah — bg ei — fh ^ fg — di 

dh — eg' dh — eg' dh — eg' 

-{dh-eg) 1 
= 9, P = , J- 



g dh ~ eg 

A decoration of p associates left P-cosets to each vertex of a fundamental domain 
of M in M. If we view tti (M) as being generated by face pairings of the fundamental 
domain, this process is completely explicit. Given the P-cosets, a representative 



THE COMPLEX VOLUME OF A REPRESENTATION 



25 



for the fundamental class in Bk{SL{3,C), P) can be constructed explicitly using 
Lemma [5.201 We leave the details to the reader. 

6. The complex volume 

We return to the case G — PSL(2,C). Even though the fundamental class 
depends on the choice of decoration, it turns out that its image in B{C) under the 
map ^' : HsiG, P) B{C) does not. 

Recall that a closed curve in a triangulated complex is called normal if it does not 
intersect the one-skeleton, and intersects every two-cell that it meets transversely. 
Let if be a complex obtained by gluing together ideal simplices. 

The definition below is a slight generalization of Neumann [T2] Definition 4.4]. 

Definition 6.1. A weak flattening of if is a fiattening of each ideal simplex of 
K such that the total log-parameter around each edge is zero. If the total log- 
parameter along any normal curve in the star of each zero-cell is zero, it is called a 
semi-strong flattening. The log-parameters must be summed according to the sign 
conventions of Neumann [LQ\ Definition 4.3]. 

Definition 6.2. The parity of an edge E in a simplex of K is defined by r mod 2, 

where w{E) = Log{z{E)) + mi, and w{E) and z{E) are the log-parameter and 
cross-ratio parameter of E. 

Definition 6.3. A semi-strong flattening satisfying that the total parity parameter 
is zero along any normal curve in K, is called a strong flattening. 

The theorem below summarizes the main results of Neumann [12]. 

Theorem 6.4 (Neumann). There is a canonical isomorphism A: Hj,{G) = S(C) 
satisfying that — L o \. Furthermore, if M is a cusped hyperbolic manifold M 
with an ideal triangulation, any strong flattening of M determines a fundamental 
class a e B{C) satisfying 

(6.1) L{a) ^ i{Yo\{M) + i CS(M)). 

Recall the map : HsiG, P) B{C). By Theorem [331 a class in H^iG, P) can 
be represented by a collection of decorated ideal simplices, and in this picture, we 
can view 4* as a way of endowing each of these simplices with a flattening. 

Theorem 6.5. Let K he a complex of decorated ideal simplices representing a 
homology class in H^{G,P). The map endows K with a semi-strong flattening. 

Proof. Consider a normal curve a in the star of a zero-cell. Figure [6| shows a 
as viewed from the zero-cell. Each triangle in the flgure corresponds to an ideal 
simplex. A vertex w of a triangle corresponds to an edge e of the simplex, and the 
side opposite v corresponds to the edge opposite e. Note that some of the triangles 
might be "folded back" or "flat" even though this is not indicated in the flgure. 
Whenever a passes through a simplex A it picks up a log-parameter of an edge. 
By (|3.6p . the log-parameter of an edge e is a signed sum of the Log(c)-parameters 
associated to the four edges of A that are neither e nor the edge opposite e. The 
signs are indicated in the flgure. Note that the Log(c)-parameters are associated 
to the one-cells of K, that is, edges that are identifled in K have the same Log(c)- 
parameter. A side of a triangle thus has three Log(c)-parameters associated to it 
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(one for each vertex and one for the side) . From Figure [6] we see that the total 
log-parameter along the curve a is a signed sum of Log(c)-parameters associated 
only to the sides where a enters and exits. The other Log(c)-parameters cancel out. 
From this we conclude that if a is a closed curve, the total log-parameter along a 
is zero. □ 




Figure 6: A normal curve ct in the star of a zero-cell. 



Remark 6.6. It is not true in general that ^' provides a strong flattening. 

Remark 6.7. Neumann shows that parity along normal curves can be viewed as 
a cohomology class in i/^(Af; Z/2Z), and by [12, Corollary 5.4], the parity of a 
semi-strong flattening is an element in Ker [H^{M; Z/2Z) H\dM; Z/2Z)). 

We wish to prove that the image of the fundamental class in B{C) is independent 
of the decoration. To obtain this, we need to recall some combinatorics of 3-cycles 
used in Neumann This flrst appeared in Neumann [TT] . 

Let M be a tame 3-manifold with an ordered triangulation. For each 3-simplex 
A of M, we denote the six edges of A by Ci in the following way: eo is the edge 
between vertex and vertex 1 of A, ei is the edge between vertices 1 and 2, 62 is 
the edge between vertices and 2. For i = 3,4,5, is the edge opposite 6^-3. We 
associate to A a Z-module Ja generated by the ei's and subject to the relations 

Ci - ei+3 = for z = 0, 1,2. 

(6-2 

^ ' eo -f ei -I- 62 = 0. 

Let J be the direct sum Ja, summed over all the 3-simplices of M . For i = 0, 1 
let d be the free Z-module on the unoriented j-cells of M. There is a chain 
complex 

> Co > Ci > J > Ci > Co > 

The map a takes a vertex to the sum of the incident 1-cells, and the map (3 is 
deflned such that its Ja -component takes a 1-cell of M to the sum of the edges 
Ci of A which are identifled with E in M . We will not need the deflnition of the 
other maps. 

Recall that a boundary-paraboHc representation of M allows us to regard M as 
a complex of ideal simplices. Suppose we have picked flattenings (w}^,w\,w\) of 
each ideal simplex A^ . Consider the element w G J (Xi C whose A^-component is 

(6.3) ei(wleo - wld) € Ja. ® C. 

Here ei is a sign indicating whether or not the vertex-ordering of Ai agrees with the 
orientation inherited from M . By an abuse of notation we will for j £ J C write 
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eij for the element in J (g) C whose A^-component is Ci times the A^-component 
of j. The following lemma collects results shown in Neumann |12) . 

Lemma 6.8. The flattenings constitute a weak flattening of M if and only if 
13* {w) = 0. In this case, the corresponding element in V{C) lies in B{C). Fur- 
thermore, this element is invariant under replacing w by w — Trieif3{x), where x is 
an element in Ci (^'L. 

Recall that a decoration associates Log(c)-parameters to each 1-cell of M. It 
thus gives rise to an element I'm C\(d C. The corresponding flattenings given by 
(|3.6p give rise to an element w in J ® C as above. 

Lemma 6.9. The elements I ^ C\ ® and w G J (8) C as above are related by 
(3{l) = -tiW. 

Proof. Let U be the ei-coefHcient of in Ja ® C. By definition of the map U 
is the Log(c)-parameter of the 1-cell corresponding to e^. Using l|6.2p . we have 

f3{l) = IqCq H h ^565 = (^0 + h-h- hYo + ('1 +k-k- k)ei, 

which by p.6p equals the A-component of — e^w. □ 

Theorem 6.10. The image of the fundamental class in B{C) is independent of the 
choice of decoration. 

Proof. For i ~ 1,2, let k e Ci $5 C and Wi G J ® C be defined by two different 
decorations. By Lemma [6.91 we have /3(/2 — ^1) = ^i{wi — W2). Since h — h — 
a{x) + iriy for some y G Ci Z and some x G Cq <^ C, Lemma [d!8l implies that the 
elements in B{<C) are the same. □ 

Remark 6.11. By a similar argument, the map 5" is independent of the branch of 
logarithm used in p.6p to define the flattenings. 

Recall that H^(G) is canonically isomorphic to B{'C). In \12\ Proposition 14.3] 
Neumann shows that the long exact sequence for the pair [BP, BG) gives rise to a 
split exact sequence 

(6.4) >H3{G)^^H3{G,P)^^H2{P) > 0. 

Proposition 6.12. Identifying H3{G) with B{C), the map 5* defines a splitting of 
the sequence l|6.4p . 

Proof. By Neumann |12[ Lemma 11.3], the failure of the parity condition effects the 
element in B{C) at most by the unique element in B{<C) of order 2. This means that 
the homomorphism — id has image of order at most 2. Since H3{G) is divisible, 
it can have no non-trivial finite quotient. Hence, o i equals the identity. □ 

Remark 6.13. It follows from Proposition 16 . 1 21 that the semi-strong flattening given 
by ^ gives rise to the same element in B{'C) as a strong flattening. This is not true 
for an arbitrary semi-strong flattening. The key point is that ^' is a homomorphism. 

Definition 6.14. Let M be an oriented tame 3-manifold and let p be a boundary- 
parabolic representation. The complex volume of p is deflned by 

(6.5) i(Vol(p)+iCS(p)) = Lo «-(«), 
where a is the fundamental class of some decoration of p. 
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By Remark [6 . 1 31 and Theorem l6.4l this definition agrees with the usual definition 
if M is a hyperboUc manifold and p is the geometric representation. 

Proposition 6.15. The complex volume is unchanged when p is changed by conju- 
gation by an element in PSL(2,C). If we change the orientation of M , the complex 
volume changes sign. If we change p by composing with the involution on PSL(2,C) 
given by complex conjugation, Yol{p) changes sign while CS{p) is fixed. 

Proof. The first statement follows from the fact that the associated (G, P)-cocycle 
only depends on the conjugation class of p. The second statement is obvious; all 
that changes is the signs of the e^'s in (|5.6p . A change of p by complex conjugation 
corresponds to changing the (G, F)-cocycle by complex conjugation. This changes 
all the log-parameters by complex conjugation, and since 

L{[z,~-p,-q]) = L{[z,p,q]), 
the third statement follows. □ 

Example 6.16. We continue the study of the 62 knot complement from Exam- 
ple 15.181 The fundamental class of a representation conjugate to a representation 
in P is clearly trivial, and since the 82 knot is a twist knot, we know from Re- 
mark [HT] that all other boundary-parabolic representations are Galois conjugates 
of the geometric one. 

We first compute the complex volume of the geometric representation. Recall 
that the cross-ratios are given hy u — x'^ , v — x'^ — x + 1 and w = v, where a; is a 
root of x^ — x^ + 1. For the geometric solution, the approximate values are 

a; = 0.8774 -I- 0.7448i, m = 0.2150 1.3071i, w = w = 0.3376 0.5622i. 

The fiattenings are given by l|3.6p . Using this together with (|5.7p and the fact 
that Vl "~ X — I ~ V and \/x^ — x — 1 = u for the value of x corresponding to the 
geometric solution, we see that the fiattening (wq, wi, W2) for the first simplex is 
given by 

Wo = Log(l - u) + Log(M) - Log(l) - Log(l - w) = Log(u) 

wi = Log(l) -I- Log(l — v) — Log(l) — Log(u) = — Log(l ~ u) — ni 

W2 =Log(l) + Log(u) — Log(l — v) — Log(u) = — wq — wi. 

Omitting the calculation of W2 — — wo ~ wi, the fiattenings of the second and third 
simplex are given as follows: 

Wo = Log(l -v) + Log(l) - Log(u) - Log(l) = Log{v) - ni 
wi = Log(w) -I- Log(l) - Log(l - u) - Log(u) = - Log(l - v) 

Wq = Log(l — v) + Log(l — v) — Log(l — v) — Log(u) = Log(w) — ni 
wi = Log(l -v) + Log(u) - Log(l) - Log(l) = - Log(l - w) 

Hence, we obtain that the image of the fundamental class in B{C) is given by 

[u;0,-l] + [v;-l,0] + [w;-l,0] e B{C). 
From this we can calculate the complex volume of the 52 knot complement to be 
(6.6) 2.828122088330783 + i 3.024128376509301 . . . e C/iir^Z. 
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It is well known that the trace field (see Example I4.5P of a Hnk complement is 
equal to the field generated by the cross-ratio parameters. By Example I5.18| the 
trace field of the 52 knot complement thus equals Q{x). Since x satisfies + 1 — 

0, this field has degree 3, and therefore has one real embedding and two complex 
conjugate embeddings. By Proposition \6.15\ the complex volume of the complex 
conjugate of the geometric representation is given by (|6.6p . but with the real part 
having the opposite sign. Let us compute the complex volume of the real Galois 
conjugate. The cross-ratio parameters are still given hy u — x'^ , v = w = x'^ — x + 1, 
but now X is the real solution to a:'^ — a:^ + 1 = 0. By the exact same method as 
above, but with 1 — v replaced hy v — 1, since ^/l — x = v — 1 for the real solution, 
we obtain that the element in B{C) is 

[m;0,0] + [i;;0,l] + [u;; 0, 1] G 6(C), 

which gives a complex volume of 

-i 1.1134545524739240 . . . e C/^tt^Z. 

Remark 6.17. Note that essentially the same formula applies to calculate the log- 
parameters for both the geometric representation and its Galois conjugates. If 
we had used Neumann's formula we would have had to solve a new set of linear 
equations for each Galois conjugate. 

Remark 6.18. The 52 knot complement is listed as m015 in the Snap census and 
Snap computes its Chern-Simons invariant to be —3.024... (mod tt^), which has the 
opposite sign of our result (|6.6p . This is because the census manifold is the mirror 
image of the standard 52 knot complement from the Rolfsen table. 

7. Lifts of boundary-parabolic representations 

This section is devoted to a discussion of representations in SL(2, C). We shall 
see that a boundary-paraboHc SL(2, C)-representation has a fundamental class in 
H3(SL(2,C)), and that a hyperbolic manifold with a spin structure has a funda- 
mental class in i/3(SL(2,C)) defined modulo 2-torsion. The 2-torsion ambiguity 
has the interesting consequence that a large class of cusped hyperbolic manifolds 
don't have ideal triangulations admitting even flattenings. 

By the methods of Section [H a decorated boundary-parabolic SL(2, C)-repre- 
sentation determines a fundamental class in _ff3(SL(2, C), P). We wish to lift the 
map * : i73(PSL(2, C), P) ^ B{C) to a map defined on i?3(SL(2, C), P) and taking 
values in the more extended Bloch group. The more extended Bloch group is defined 
as in Definition 1 1 . 71 but without including the transfer relation, and requiring that 
the integers p and q in Definition 11.31 be even. We will refer to such fiattenings as 
even fiattenings. The more extended Bloch group is shown in Goette-Zickert [5j 
to be isomorphic to i?3(SL(2, C)). We will therefore in this section denote the two 
versions of the extended Bloch group by 6sl(C) and Spsl(C), respectively. 

In Dupont-Zickert [4J we studied a complex Ci^{C?) generated in dimension n 
by n-tuples of complex vectors in in general position. Using the simple fact 
that SL(2, C)/P equals — {0}, it is not difficult to see that the cokernel of 
the map C2'^(C^) Cf'^(C^) is equal to the kernel of the augmentation map 
Co(SL(2, C)/P) Z. By Theorem 12. II we have a canonical isomorphism 

1/3(SL(2,C),P) - i/3(C^^(C2) ®z[SL(2,C)] Z)- 
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An explicit formula for this isomorphism is given by 

C„(SL(2,C),P)->C;^(C2) 

(7.1) {5'^}^(z;o,...,i;„), 

where Vi = g^^oo, which is independent of j. 

We can now define the desired lift of ^' as the composition of the isomorphism 
above with the explicit map 

H:i{C!:^{C^) ®z[SL(2,C)] ^ %l(C) 

constructed in Dupont-Zickert [4j. The map L defined in Theorem 16.41 is shown in 
Goette-Zickert [5j to have a lift to Ssl(C) taking values in C/47r^Z. Summarizing 
the above, we have a commutative diagram with exact columns. 

Z/4Z : Z/4Z Z/4Z 



if3(SL(2, C), P) 6sl(C) — ^ C/Att^Z 

i/3(PSL(2, C), P) 6psl(C) C/tt^Z 

The commutativity of the lower left square follows from the fact that for even 
flattenings, a semi-strong flattening is always a strong flattening. The proof of this 
follows the proof of Neumann O Proposition 5.3] word by word. 

We can now use the above diagram to define the complex volume of a boundary- 
paraboHc SL(2, C)-representation as an element in C/Ain'^Z. 

7.1. Spin structures and even flattenings. A spin structure of a hyperbolic 
manifold M is equivalent to a lift of the geometric representation to SL(2, C). If 
M is closed it thus defines a fundamental class in 7?3(SL(2, C)) = Ksl(C), and a 
complex volume in C/4i7r^Z. If M has cusps, lifts of the geometric representation 
are not boundary-parabolic. They are only (SL(2, C), ±P)-representations. In 
fact, the proposition below, see e.g. Calegari p), Corollary 2.4], gives a concrete 
obstruction to defining a fundamental class in i/3(SL(2,C)) of a cusped hyperbolic 
manifold with a spin structure. 

Proposition 7.1. Let M be a cusped hyperbolic manifold. Any lift of the geomet- 
ric representation to SL(2, C) maps any curve bounding a 2-sided incompressible 
surface to an element o/SL(2, C) with trace —2. 

Remark 7.2. It is not difficult to check that the map 

if3(SL(2,C),P) ^ ff3(SL(2,C),±P) 

is surjective with kernel of order 2. This implies that a hyperbolic manifold with a 
spin structure does have a fundamental class in i/3(SL(2,C)) modulo 2-torsion. 

Remark 7.3. Recall that a decorated ideal triangulation of a cusped hyperbolic 
manifold M naturally gives rise to a (PSL(2, C), P)-cocycle on M representing the 
geometric representation. As explained in Remark lOl the labelings can be regarded 
as elements in SL(2,C), but by Proposition 17.11 above, the (PSL(2, C), P)-cocycle 
is never an (SL(2, C), P)-cocycle. 
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Proposition 17.11 has the following interesting consequence. 



Theorem 7.4. Let M be a cusped hyperbolic 3-manifold satisfying 



(7.2) 



Ker(i?i(M;Z/2Z) ^ H\dM;Z/2Z)) = 0. 



There is no ideal triangulation of M admitting an even, strong flattening. 

Proof. As in l|6.3p . we can regard any flattening as an element in J ® C. Pick a 
decorated ideal triangulation of M, and let w S J (g) C be the flattening given by 
the decoration. Since M satisfles l|7.2p . it follows from Remark [6.71 that w is a 
strong flattening. By Lemma [6.9^ w = —eil3{l), where Z S Ci C is given by the 
Log(c)-parameters. It is a simple consequence of Remark 17.31 and Remark 13.161 
that w is not an even flattening. By Neumann [L2\ Lemma 9.3], any two strong 
flattenings differ by an element in Ci (g)7rzZ. Hence, any strong flattening w' is given 
as —ei(i{l + x), where x is an element in Ci ® iri'L. Let E he & one-cell regarded as 
an element of Ci = Ci ® Z. Recall that E has a labeling 



with Log(c)-parameter Log(c). Note that adding T:iE G Ci (g) ttiZ to I has the 
same effect on the parity of the corresponding flattening as changing the sign of 
g[E). Now if w' were an even flattening, this would imply that it would be possible 
to obtain an even flattening by changing signs of some of the labelings of long 
edges. By Remark 13.16^ this would imply that the new labelings (after a global sign 
change if necessary) would constitute an (SL(2, C), P)-cocycle. This is impossible 
by Proposition 17.11 □ 

Remark 7.5. It seems worth mentioning that the property l|7.2p also implies that 
the trace fleld of M is equal to the invariant trace fleld of M. 
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